
I (a) For any
K31

,
since ApEM

,
XA is measurable·

Therefore
,

f := XAp is measurable

Hence
,
E = f"(2024)) is measurable·

(b) SinceAn Ap to as n

For any new , FCUA
This XCF) & X(WA)- as

17

2 (a) It suffices to show

(f + g)
+
(a, 0) = - f

+
(t
,0)1g( ,%1

tessa
t, SER

Consider a point x satisfying It+gi(xia
We can always choose +, seR such that

f(x > t
, gixis .

It follows that

* f'(t
, e) 1g s , 01 ,

and we have one

side inclusion. The other side is immediately.
Since fg = # [ifig) - E-g1] , it suffices



to show f2 is measurableiff is

measurable. It follows the fact h(x = x

is a continuous function.

(b) Let F : = / EEPR : f(Ele Bi .

We first show F is a o-algebra.
Since f is continuous and injective,
f is monotone.

· IREF since fIIR) is an interval
· If EEF

,
then fLEIES

.

fIIRLEl = fIIRI\f(E) EB.
Thus RREEF.

· If ERE F ,
then fCELEB.

f(Ep)=EEB
Since f maps compact sets to compact sets,
F contains all compact sets.
Hence

,
BCF

,
i
. e
.,
fIBIE for any

BES .

[]



3. Assume on the contrary there is 2000 and

En with MCEn)-2 such that (EnIfidm > So
.

Let An =U Ej andA
By Bovel-Cantelli Lemma , sinceME 0,

M(A) = 0.

On the other hand
,
since HIXAn-If)

, by
Dominated Convergence Theorem,

(lfidM =And
Contradiction !

4 (a) Suppose not.

Then for any new ,
E measurable An <B.

such that <(BJAn)-I.

Let A= An
.
Then A is measurable.

And L(BLA) L(BLAn)-t
,
VnEW.

Thus LIBLA) = 0. Therefore , BLA is measurable·

Hence
,
B=BLA) WA is measurable·

Contradiction !



(b) Notice that any Lebesque measurable set

E = (EKn)UN with Kn compact and 2(N)=

and continuous function maps compact sets
to compact sets.

It suffices to show - preserves will set.

Let Nn= NMEn
, n1.

Then N=N
Since f is continuously differentiable

,

f is

Lipschitz on En,n1, i . e
.,
= My so such that

If(xs-figs) < Mulx-81 for all X, YEEn , n].
Thus L)f(Nn)) = 0.

Hence
, LIf(N)) = L(fIN1) LfINn)) = 0

.

#



5. The statement is wrong.

Counter-example :

fi = X 50
, 1127

fz = X [12
, 11

fs = X to
,
1/22]

fu = X [1122
,
1/2]

f5 = X [1/2
,
3/22]

fo = X[3/22
, 17

:


